We construct approximate formulas for the O(α 3 s ) QCD contributions to vector, axial-vector, scalar and pseudo-scalar quark current correlators, which are valid for arbitrary values of momenta and masses. The derivation is based on conformal mapping and the Padé approximation procedure and incorporates known expansions in the low energy, threshold and high energy regions. We use our results to estimate additional terms in these expansions.
Introduction
Correlators of heavy quark currents in different kinematical regions are of interest for a number of phenomenological applications. These two-point functions only depend on two scales, namely the square of the external fourmomentum q 2 and the heavy quark mass m. Many of the applications focus on one of three distinct kinematical regions: The low energy region with q 2 ≈ 0, the quark pair production threshold at q 2 = 4m 2 and the (euclidean) high energy region −q 2 → ∞.
Moments in the low energy expansion can be used for precise extractions of charm and bottom quark masses via sum rules [1] (for reviews see [2, 3, 4] ), whereas threshold and high energy expansions are directly related to production cross sections for tt, charmed hadrons or bottom hadrons in the respective energy regions.
The aforementioned expansions for the correlators in the three regions are known relatively well: In the low energy region at O(α 2 s ) the leading eight coefficients were computed more than ten years ago [5, 6, 7] , and as of today as many as 30 moments are known [8, 9] . At O(α 3 s ), however, only the first physical moment proportional to (q 2 ) 1 for axial-vector and scalar correlators [10] and the first and second moment for the pseudo-scalar and vector correlators [10, 11, 12, 13] have been available until recently. The third moment for all four current correlators and the fourth moment for the pseudo-scalar correlator are computed in Ref. [14] .
Threshold expansions for correlators are expansions in the small heavy quark velocity v = 1 − 4m 2 /q 2 ≪ 1. Currently all of the necessary machinery for NNLO threshold expansion is known (see for instance Ref. [15] and references therein). This means, that all terms of order (α n s /v n−1 ) · {1, v, v 2 } are in principle known for all correlators. Explicit expansions for the axial-vector, scalar and vector correlators can be derived from Refs. [16, 17, 18] (see Appendix A).
For high energies the leading five coefficients in the expansion are known at O(α 2 s ) for the case of scalar and pseudo-scalar currents [19] while for the vector and axial-vector currents seven terms are available [20, 21] . At order α 3 s the first two terms in the high energy expansion of the vector correlator have been published in Refs. [22, 23] . More information is available for the absorptive parts of the correlators, which correspond to the logarithmic terms in the high energy expansions. Here the first three coefficients are known for the vector and axial-vector correlators [24, 25, 26, 27, 28] . The leading term in the absorptive part has been computed recently for the vector and scalar correlators [23, 29, 30] even at order α Still, it would be desirable to have results for the correlators which are valid for arbitrary energies in addition to these expansions. One obvious benefit would be the possibility to expand such a result in a kinematical region of interest in order to obtain even more coefficients in the expansion. It would also be possible to predict values of cross sections for intermediate regions between threshold and high energies, where the mere expansions may not be very accurate anymore. Last but not least, the full energy dependence is essential for those QCD sum rule approaches to quark mass determination which use either the Borel transformation of the correlator [1] or so-called contour-improved perturbation theory [31, 32, 33] .
Unfortunately, analytical results which are valid for arbitrary energies only exist up to O(α s ) [34] . Still, it is possible to reconstruct the full energy dependence approximately from the known expansions at higher orders. Using a seminumerical method based on Padé approximations [35, 36, 37, 38, 39] , the correlators of all four currents were reconstructed at O(α 2 s ) [5, 7, 40] . Moreover, it was demonstrated in [41] that in spite of the rather low amount of infor-mation available at O(α 3 s ) it is still viable to reconstruct the vector correlator and predict expansion coefficients with decent accuracy. Recent computations of additional terms in the expansions in the low and high energy domains [13, 14] have confirmed these predictions and render the application of the approximation procedure to other correlators feasible.
In this work we use the Padé approximation method to reconstruct the vector, axial-vector, scalar and pseudo-scalar heavy quark current correlators at O(α 3 s ) and derive approximations to previously unknown expansion coefficients in the low energy, threshold and high energy regions. This paper is structured in the following way: In Section 2 we set up our conventions and explain the general approximation method. Section 3 contains details of the application of the method to the different correlators and the choice of physically meaningful approximants. The results for the reconstructed correlators and the estimates for new expansion coefficients can be found in Section 4. In Section 5 we summarise the work and give our conclusions.
Methods

Polarisation functions
It is convenient to explicitly extract the Lorentz structure of the heavy quark current correlators and define polarisation functions
where the currents are defined as
The longitudinal polarisation functions Π 
The perturbative expansions of the polarisation functions read
where
is the quadratic Casimir operator for the adjoint representation. A natural variable to describe the behaviour of Π δ is given by
where m denotes the heavy quark mass defined in the on-shell scheme.
For the construction of approximants we need expansions in the low energy, threshold and euclidean high energy regions, which correspond to z = 0, 1 and − ∞ respectively. Around z = 0 the expansion reads
The renormalisation scale µ is set to m, so that the coefficients C (i),δ n are simply real numbers.
Around z = 1 we have
The lower bound k 0 of the sum is 3−i for the axial-vector and scalar correlators and 1−i for the vector and pseudo-scalar correlators. In the naïve Taylor series we omit the second index, i.e.
Finally, for z → −∞ we define
where we again use the convention D
1 The O(α 2 s ) singlet contributions and Padé approximations to them are discussed in Ref. [40] .
Padé approximation
The Padé approximant p n,m (x) to a function f is defined as
The coefficients a i , b i are usually fixed by imposing n + m + 1 conditions of the form p
where f (j) is the j-th derivative of f . As long as all constraints have this form, a unique solution for the coefficients a i , b i is guaranteed [35] .
A naïve application of the Padé approximation method will, however, fail for the functions Π (i),δ (z) because contrary to the Padé approximants (Eq. (10)) they are not meromorphic everywhere in the complex plane. There are two major aspects of this problem, which have to be considered:
• The functions Π (i),δ (z) diverge logarithmically for z → −∞. There are also logarithmic contributions at threshold.
• There is a branch cut along the real axis starting from z = 1.
This behaviour can obviously not be reproduced accurately by a Padé approximation.
The first problem related to the appearance of logarithms can be cured by splitting Π (i),δ (z) into two parts,
so that Π
is a suitable function containing all known logarithmic contributions to Π (i),δ (z). In this way the problem reduces to finding an approximation to Π
In the case of the vector and axial-vector polarisation functions, the functions Π (i),δ (z) with i > 1 also show the well-known Coulomb singularity at threshold in addition to the logarithmic behaviour. Being proportional to (1 − z)
this singularity is, however, meromorphic and can be incorporated into the construction of the Padé approximants.
The second problem related to the branch cut is treated in a different way: We map the complex plane (including its cut) onto the unit circle in such a way that the branch cut is mapped onto the perimeter (see Fig. 1 ). This can
Re ( be achieved via the conformal transformation
The functions Π (i),δ reg (ω) are now suitable for the Padé approximation procedure.
In the next step we fix the coefficients a i , b i in Eq. (10) . From the expansions in the low energy, threshold and euclidean high energy regions we know the values of the Π (i),δ (z) and some of their derivatives for z = 0, z = 1, and z → −∞. While the information from the first two regions can be used directly to fix the derivatives of Π (i),δ reg (ω) at ω = 0 and ω = 1, respectively, the expansion around z → −∞ is quite different from the expansion around ω = −1.
In order to also incorporate the information from the high energy region one can use the following auxiliary function [40] P n (ω) = (4ω)
where n is the highest known power of 1/z in the high energy expansion. P n (−1) corresponds to the coefficient of 1/z n , while all other terms in the expansion of Π (i),δ reg (z) around z → −∞ together with the terms from the low energy expansion determine the behaviour of P n (ω) around ω = 0. If the expansion around z = 0 is available up to z m the values P n (0), P ′ n (0), . . . , P (n+m−1) n (0) together with P n (−1) can be used for the construction of Padé approximants. Additional knowledge about the l leading terms in the threshold expansion translates into P n (1),
Note that the construction Eq. (14) in general produces half-integer powers of 1/z in the high energy expansion of the reconstructed function Π
Since only terms with integer powers of 1/z may appear in the expansion, we explicitely require that the terms with half-integer powers vanish. These additional constraints do not have the form of Eq. (11) . As a result, the solution to the system of equations which determines the coefficients of the Padé approximant is, in general, no longer unique.
The Coulomb singularity proportional to (1 − z)
(1−i)/2 , which appears in the vector and the axial-vector correlator, can easily be incorporated by defining P n (ω) with an additional factor (1 − ω) 1−i on the right hand side of Eq. (14) so that the limit ω → 1 becomes regular.
Reconstruction of polarisation functions
In this Section we explain the details of our calculation and list the input from known expansions.
Subtractions
As explained in Section 2.2, the first step consists of absorbing the logarithmic contributions in the high energy and threshold expansions into a function Π (3),δ log (z). This function must be chosen carefully in order not to introduce undesired additional singularities in Π (3),δ reg (z). It is very convenient to use lower order analytical results as auxiliary functions [41, 39] , namely
with
7 First, we treat the logarithmic behaviour at threshold. The relevant expansions of the four correlators read
where n l is the number of light quarks. The corresponding analytic expressions and a brief outline of the derivation of the expansions can be found in Appendix A.
The construction of Π (3),δ log (z) is based on the expansions of Π (1),v and G(z) in the threshold region:
Obviously, we can obtain logarithms from Π (1),v (z) and powers of
. Therefore, as a first attempt, we choose Π (3),δ log (z) to be a linear combination of the form
This choice of Π (3),δ log (z) will be modified later on when we consider the high energy region. The bounds of summation are chosen according to the powers of log(1−z) and
that appear in the threshold expansions of the polarisation 8 functions. The condition that this ansatz reproduces the known logarithmic contributions leads to a linear system of equations for the coefficients k ij , which determines them uniquely.
After taking care of the threshold logarithms, we treat those appearing in the high energy expansions of the correlators 2 : The high energy logarithms can be generated through G(z):
However, the behaviour in the threshold region must not be spoiled by additional poles induced by the threshold expansion of G(z) (see Eq. (20)). The simplest way to avoid this would be to multiply G(z) by a factor √ 1 − z, which can however introduce non-integer powers of z in the high energy expansion. Following these considerations we extend the ansatz (22) to
where ⌈. . . ⌉ means rounding up to the next integer number. The coefficients d mn with m > 0 are again fixed by demanding that the known logarithms of Π (3),δ are reproduced correctly up to the highest known order. This leads to singular terms in the low energy expansion of Π (3),δ log (z). We adjust the coefficients d 0n in such a way that these singular terms are cancelled. Furthermore we can retain the property Π log (z) in the following way: In the first sum, we multiply the summands with i = 3, j = 0 and i = j = 1 (which roughly correspond to terms proportional to log 3 (1 − z) and log(1 − z)/ √ 1 − z) by factors a 1 + 1/z and a 2 + 1/z, respectively. In the second sum all summands corresponding to the two highest powers of logarithms are multiplied by factors 1 + 1/(b 1 z) for m = 3 and 1 + 1/(b 2 z) for m = 4.
In the cases of the axial-vector and scalar correlator the threshold behaviour is quite different and only one term proportional to log(1 − z) is known. Consequently the first sum in the ansatz Eq. (25) for Π (3),δ log (z) shrinks to a single term. This term is multiplied by a 1 + 1/z. In order to arrive at a total number of four parameters like in the vector and pseudo-scalar case, we multiply the terms corresponding to the three highest powers of logarithms in the second sum by factors 1 + 1/(b 1 z), 1 + 1/(b 2 z) and 1 + 1/(b 3 z).
Except for the conditions a i = −1 and b i = 0 the values of the parameters are 11 in principle arbitrary. We vary them independently with
Padé approximation
In the next step we determine the coefficients of the Padé approximants from the expansions in the low energy, threshold, and euclidean high energy region. The low energy expansions are taken from [14] ; in numerical form they read
The expansions around threshold and for high energies are listed in Eqs. (19) and (23) 
Discussion of approximants
It turns out that some of the approximants have poles inside the unit circle which translate to unphysical poles inside the complex z-plane for the reconstructed polarisation functions. For this reason we immediately discard approximants which have poles for |ω| < 1.
There is an additional subtlety for poles which do not lie inside, but close Table 1 Number of constraints from the various kinematical regions for the different current correlators. In the high energy region constraints from both known expansion coefficients and absence of terms with half-integer powers of 1/z are listed to the unit circle. As pointed out in Ref. [41] , these poles can have a huge numerical effect on the behaviour of the approximant on the perimeter of the circle. More specifically, they can lead to unphysical peaks in the cross sections derived from the imaginary parts of the polarisation functions above threshold.
To avoid such resonances we discard approximants that have pronounced maxima on the perimeter of the circle, i.e.
where the value of ρ is chosen heuristically using the following two criteria: first, the real and imaginary parts of the polarisation functions should show no significant additional peaks; second, an adequate number of O(1000) to O(10000) "good" approximants should remain. In practice, we choose ρ = 3 for the vector, scalar and pseudo-scalar correlators and ρ = 1.2 for the axialvector correlator.
Results
From the Padé approximants we reconstruct the polarisation functions using the corresponding equations (12), (13) and (14) . Their imaginary parts corresponding to hadron production cross sections are plotted above the charm threshold (i.e. with n l = 3) in Fig. 2 for all four correlators. The real parts are less important from a phenomenological point of view; as an example the vector polarisation function below and above the charm threshold is shown in Fig. 3 . The error in the low energy region turns out to be remarkably small. Admittedly, this is not unexpected considering the fact that the polarisation functions are analytical in this region and that there is plenty of information from low energy coefficients. A selection of "typical" Padé approximants for all four correlators with n l = 3, 4 and 5 massless quarks can be downloaded from http://www-ttp.particle.uni-karlsruhe.de/Progdata/ttp09/ttp09-17/
The reconstructed functions can be expanded again to obtain additional low energy, threshold and high energy coefficients. We find that the values of the coefficients are strongly peaked around the mean value (for an example, see Fig. 4 ). As a consequence we give our errors in terms of standard deviations. As expected the error is a lot smaller for the low energy coefficients in comparison to the coefficients in the threshold and high energy regions.
There are very few coefficients in the threshold and high energy regions which differ from the mean value by more than 50 standard deviations. We discard these coefficients. The resulting estimates for the expansion coefficients are shown in Tables 2 to 5 .
Comparing our predictions for the vector correlator with the previous results [41] (see Table 6 ), we find indications for a different sign of the threshold (19) and (27)), the solid lines are the mean values of all approximants. The shaded areas show the variation given by three standard deviations. In order to obtain finite values at threshold, Re Π (3),v is plotted with an extra factor 1 − z below and a factor v 2 above threshold. , but good agreement for all low energy moments. Furthermore, the errors are decreased notably, depending on the coefficient by about one order of magnitude. This is mainly due to the additional information from C seem to play only a minor role. The impact of additional information on the quality of the predictions from the Padé approximants can also be seen in Table 7 , where we compare results for the pseudo-scalar correlator with three and four low energy coefficients as input. 
17 (11) 17 (29) 16(10) Table 2 Expansion coefficients from the reconstructed vector and pseudo-scalar polarisation functions for different numbers of light quarks in the on shell scheme. C Table 3 Expansion coefficients from the reconstructed axial-vector and scalar polarisation functions for different numbers of light quarks in the on shell scheme. The coefficients C Table 4 Coefficients from the low energy expansion of the reconstructed vector and pseudoscalar polarisation functions for different numbers of light quarks. The coefficients are given in the MS scheme with µ = m.C Table 5 Coefficients from the low energy expansion of the reconstructed axial-vector and scalar polarisation functions for different numbers of light quarks. The coefficients are given in the MS scheme with µ = m. The coefficientsC 
Conclusion
We have used the Padé approximation method to reconstruct the full energy dependence of heavy quark correlators for vector, axial-vector, scalar and pseudo-scalar currents at order α Table 6 Comparison of the MS low energy coefficients of the charm vector correlator with the previous results from [41] . In the second row, the maximum error is estimated, whereas the error in the third row is given in terms of standard deviations. Table 7 Comparison of results from different numbers of low energy coefficients. Shown are the predictions for the MS low energy coefficients of the n l = 3 pseudo-scalar polarisation function with three and four moments used as input.
the reconstructed correlators, we have obtained predictions for additional coefficients in these expansions. We find that these predictions are fairly accurate for low energy coefficients but less precise for the coefficients in the threshold and high energy expansions. The origin of the log(1 − z) is a triple insertion of Coulomb gluons which is of order O(α 3 s ) in NRQCD. The results in Eq. (A.7) are in agreement with the one in Ref. [16] .
